In this paper, we prove the existence of common random fixed point of Suzuki's type random multifunctions on a complete separable metric space and application to stochastic dynamic programming.
Introduction
A random fixed point theorem is a stochastic generalization of a classical fixed point theorem. Random fixed point theorems for random contraction mappings on a separable complete metric space were first proved byŠpaček [32] and Hanš [10] . Subsequently, Bharucha-Reid [6] proved the stochastic version of the well-known as Banach's and Schauder's fixed point theorems. In 1979, Itoh [12] proved random fixed point theorems for multivalued contraction in separable metric space. In 1986, Papageorgiou [26] proved random fixed point theorems for measurable closed and nonclosed valued multifunction in Banach space.
Subsequently, many researchers have studied the random fixed point theorems and applications in many way [3, 9, 14, 16, 17, 18, 20, 27]. In 2002, Badshah and Sayyed [2] proved some common random fixed points of multivalued operators on Polish spaces. Thereafter, many researchers have obtained common random fixed point theorem for multivalued random operators, for details, (see [15, 19, 30] ).
In 2008, Suzuki [31] and Kikkawa and Suzuki [13] presented a generalization of Banach contraction principle and other fixed point results by Nadler in metric spaces. for all x, y ∈ X. Then there exists a unique fixed point z of T. Theorem 1.2. Let (X, d) be a complete metric space and let T be a mapping from X into CB(X). Define a strictly
Assume that there exists r ∈ [0, 1) such that
for all x, y ∈ X. Then there exists z ∈ X such that z ∈ Tz.
In 2012, Singh et al. [29] proved a common fixed point theorem for a pair multivalued maps on a complete metric space. Many fixed point theorems have been proved by various authors as generalizations of Suzuki's theorem (see [1, 4, 7, 8, 13] ).
Recently, Beg and Aleomraninejad [5] proved a random fixed point of Suzuki type random multifunctions and hemiconvex multifunctions in a Polish space.
The aim of this paper is to prove some common random fixed point theorems of Suzuki type random multifunctions on a Polish space.
Preliminaries
Let (X, d) be a Polish space, that is, a complete separable metric space, and (Ω, Σ) be a measurable space with Σ being a σ−algebra of subset of Ω. Let 2 X be a family of all subsets of X. For any x ∈ X, B ∈ 2 X we denote d(x, B) = inf y∈B {d(x, y)}. If CB(X) is the family of all nonempty, cloesd and bounded subset of X, let H be the Hausdorff-Pompeiu metric on CB(X) induced by d : for A, B ∈ CB(X) let
and H(·, ·) is called the Hausdorff metric on CB(X).
Definition 2.2. A mapping ξ : Ω → X is said to be a measurable selector of a measurable mapping
Definition 2.5. A measurable mapping ξ : Ω → X is called a random fixed point of a random multifunction
Definition 2.6. Let (Ω, Σ) be a measurable space, X and Y be two metric spaces. A mapping h : Ω × X → Y is called Carathéodory if, for all x ∈ X, the mapping ω → h(ω, x) is Σ-measurable and for all ω ∈ Ω, the mapping x → h(ω, x) is continuous. 
Lemma 2.9. [22] If A, B ∈ CB(X) and a ∈ A, then for each > 0, thereexists b ∈ B such that
Theorem 2.10. (Kuratowski-Ryll Nardzewski Selection Theorem) [21] . Let (Ω, Σ) be a measurable space, let (X, d) be a Polish space and F : Ω → CB(X) be Σ−measurable. Then there exists a measurable selection for F.
Main Results
Now, we prove the main result in this section. Define a nonincreasing function φ from [0, 1) into (0, 1] by
where r : Ω → [0, 1) is a measurable map. (ii) S(·, x) and T(·, x) are measurable for all x ∈ X, (iii) assume that for all ω ∈ Ω and x, y ∈ X
where M(S(ω, x), T(ω, y))
Then there exists a measurable mapping ξ : Ω → X such that
Since by (ii) ω → S(ω, x) is measurable for all x ∈ X we conclude that ϕ(·, ω) is measurable (see [11] )
and since x → S(ω, x) is continuous for all ω ∈ Ω, we deduuce from Lemma 2.7 that ϕ(ω, ·) is continuous for all ω ∈ Ω. Hence ϕ : Ω × X → R + is a Carathéodory function. Therefore if u : Ω → X is a measurable mapping we have also that ω → ϕ(ω, u(ω)) is measurable (see [28] ). If ξ 0 : Ω → X is a measurable mapping and we consider the multifunction T(·, ξ 0 (·)) : Ω × X → CB(X) we deduce from the KuratowskiRyll Nardzewski Selection Theorem [21] that there is a measurable selector ξ 1 :
Applying Lemma 2.8 we find a measurable mapping ξ 2 :
Then by Lemma 2.9, we have > 0 such that β = r ω + < 1 such that
Similarly, there exists ξ 3 :
Similarly we define a sequence of measurable mapping ξ n : Ω → X such that
Now, we consider two case and show that for any n ∈ N,
so by the assumption,
Hence in either case we obtain by (3.3) and (3.4)
This yield (3.2). Analogously, we obtain d(ξ 2n+2 (ω), ξ 2n+1 (ω)) ≤ βd(ξ 2n+1 (ω), ξ 2n (ω)) and conclude that for any n ∈ N,
Therefore {ξ n (ω)} is a Cauchy sequence in X for all ω ∈ Ω. Then ξ n (ω) → ξ(ω) as n → ∞ with ξ : Ω → X be measurable. Now we show that for any η(ω) ∈ X − {ξ(ω)},
for ξ(ω) = η(ω) and n ≥ n 0 . Then we have
Hence by the assumption (3.1),
Taking n → ∞,
This yields (3.5) . Similarly, we can show (3.6). Now, we can show that ξ(ω) ∈ S(ω, ξ(ω)) ∩ T(ω, ξ(ω)). For 0 ≤ r ω < 1 2 , the following cases arise.
, we have from (3.5) and (3.6),
On the other hand, since φ(
Therefore by the assumption (3.1)
This gives d(S(ω, γ(ω)), γ(ω)) ≤ H(S(ω, γ(ω)), T(ω, ξ(ω)))
≤ r ω d(γ(ω), ξ(ω)) < d(γ(ω), ξ(ω)). So by (3.8), d(ξ(ω), S(ω, γ(ω))) ≤ r ω d(ξ(ω), γ(ω)). Thus d(ξ(ω), T(ω, ξ(ω))) ≤ d(ξ(ω), S(ω, γ(ω))) + H(S(ω, γ(ω)), T(ω, ξ(ω))) ≤ r ω d(γ(ω), ξ(ω)) + r ω d(γ(ω), ξ(ω)) = 2r ω d(γ(ω), ξ(ω)) < d(γ(ω), ξ(ω)).
This contradicts ξ(ω) / ∈ T(ω, ξ(ω)). Consequently ξ(ω) ∈ T(ω, ξ(ω)). Similarly ξ(ω) ∈ S(ω, ξ(ω)).

Case II. Let ξ(ω) ∈ S(ω, ξ(ω)) and ξ(ω) / ∈ T(ω, ξ(ω)). Then as in the previous case, let γ(ω) ∈ T(ω, ξ(ω))
This gives
This contradicts ξ(ω) / ∈ T(ω, ξ(ω)). Conswquently ξ(ω) ∈ T(ω, ξ(ω)).
Case III. Let ξ(ω) ∈ T(ω, ξ(ω)) and ξ(ω) / ∈ S(ω, ξ(ω)). As in the previous case, it follows that ξ(ω) ∈ S(ω, ξ(ω)). Now we consider the case 1 2 ≤ r ω < 1. First we show that
where ρ : Ω → X such that
Using (3.6) with η(ω) = δ(ω), (3.9) implies
, and by the assumption (3.1),
, and by the assumption, we get (3.11).
Taking δ(ω) = ξ 2n+1 (ω) in (3.11) and passing to the limit, we obtain (ii) S(·, x) and T(·, x) are measurable for all x ∈ X, (iii) assume that for all ω ∈ Ω and x, y ∈ X
Then S and T have a unique random common fixed point.
Proof. If S and T are single-valued mapping in Theorem 3.1, then we obtain the desired conclusion. (ii) S(·, x) is measurable for all x ∈ X, (iii) assume that for all ω ∈ Ω and x, y ∈ X
Then there exists a measurable mapping ξ : Ω → X such that ξ(ω) ∈ S(ω, ξ(ω)).
Proof. If S = T in Theorem 3.1, then we obtain the desired conclusion.
Applications
Let X and Y be a separable Banach space, S ⊂ X, and D ⊂ Y. Let R = (−∞, +∞) and B(S) denotes the set of bouned real valued functions on S.
Following Nowak [23, 24] , the basic from of the random functional equation of dynamic programming is as follows:
where x and y we denote the state of the system. The transition function T i : Ω × S × D → S is the deterministic law of motionof the system and f (ω, x) represent the optimal reward functions.
In this section, we shall study the existence and uniqueness of random common solution of the following random functional equations arising in dynamic programming:
where where φ is the same as in Theorem 3.1,
where
Then the system of random functional equations (4.1) has a unique common solution in B(S).
Proof. For any h, k ∈ B(S), let
Then (B(S), d) is a complete separable metric space. Let λ be any positive number and h 1 , h 2 ∈ B(S), x ∈ S, and ω ∈ Ω. Suppose that there exists y 1 , y 2 ∈ D such that
where x i = T(ω, x, y i ), i = 1, 2. Also, we have
and this together with (4.2) and (4.4) implies Unification of (4.5) and (4.6) yields
Since (4.7) is true for any x ∈ S and λ > 0 is arbitrary, we have, on taking supremum over all x ∈ S, ω ∈ Ω,
≤ r ω max d(h 1 (ω), h 2 (ω)), d(h 1 (ω), A 1 (ω, h 1 (ω))), d(h 2 (ω), A 2 (ω, h 2 (ω))),
Therefore, by Corollary 3.2, A 1 , A 2 have a unique common fixed point h * (ω) ∈ B(S), i.e., h * (ω, x) is a unique solution of the random functional equations (4.1), i = 1, 2.
Conclusions
We proved the common random fixed point of Suzuki's type random multifunction, previously known in complete separable metric spaces and proved random solutions of random functional equations arising in dynamic programming. The presented theorems extend and improve the corresponding results given in the literature such as Beg and Aleomraninejad [5] .
